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Abstract

The relation between dissipation and the symplectic structure of the momentum-space is studidy lireszigebra and
in 2D fluid dynamics. Three kinds of dissipative mechanisms are discussed and a general bracket formalism is introduced.
A chaotic dynamical system due to Lorenz, and largely studied in low-dimensional models of geophysical fluid dynamics, is
analysed in its geometric and dynamical features, by means of the formalism previously introduced. A mechanism of energy
transfer for this low-order model is discussen2001 Elsevier Science B.V. All rights reserved.
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1. Introduction ‘structure preserving’ finite-mode systems have been
recently proposed [6,7].

In a recent paper [1] it has been shown that dynam-  In this framework, we consider the $& dynami-
ical systems on the S@) Lie group are particularly ~ cal systems as the simplest (in the scale of group com-
useful to describe some of the famous models worked Plexity) ‘structure preserving’ models in which fun-
out by Lorenz [2,3] and Kolmogorov [4] in the field of ~damental properties of fluid dynamics are recogniz-
finite-mode hydrodynamics-type Systems_ In the geo- able [8] As it will be shown for the Lorenz-84 mOdEI,
metric approach to fluid mechanics, started by Arnold & simple toy-model of general atmospheric circulation,
in the sixties (for a nice review see [5]), motions of also special dissipative processes can be formally uni-
an ideal fluid in a Riemannian manifold are geodesics fied via a symplectic dissipation mechanism defined
of a right invariant metric on the Lie group Diff/). in this Letter. Furthermore, the physics of the model is
For two-dimensional flows, which well approximate highlighted by the Lie algebra treatment.
large scale planetary fluid motions, an infinite class of
enstrophy-like Casimir functions are conserved. These
properties are usually lost in standard truncation al- 2. pjssipation on the SO(3) group
gorithms and low-dimensional models and interesting

Given a Lie groupG and a real-valued function
* Corresponding author. H (possibly time-dependent) on the dual space of its
E-mail addresspelino@tiscalinet.it (V. Pelino). Lie algebra, called also momentum spagk in the
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local co-ordinates’ the Lie—Poisson equations for a
dynamical system witl/ as Hamiltonian read as

%= c{;xkaf H. 1)

The tenson. represents the constants of structure
of the Lie algebrag. For a homogeneous quadratic
polynomial H, the solutions of the Lie—Poisson equa- *
tions are the geodesics 6f. In the particular case of ;|
G = SO(3), from Eq. (1) we recover the motion of a
free rigid bodysx; = ijka-/’xl with the Hamiltonian
given by the positive-definite quadratic form S5

0 =

1 .
H = Ele.xl'Xk, (2) o 50 100 150

h . . . hich phvsicall Fig. 1. Rayleigh-like dissipation in SO(3). Top: the trajectory in
where 7' Is a _Symmetr'c mqtnx W Ich physically e phase space stops at the origin, which is an irregular point in
represents the inverse of the inertia tensor. As Shown the momentum space foliation into spheres. Bottom: evolution of

in [1], we recover this structure is the Lorenz-60 Casimirs, momentum (dash), energy (solid).
model, too. The Lie algebra &) of antisymmetric
matrices is isomorphic to Rby the classical cross
product operator defined by the Ricci tensnﬁ It

is straightforward to show [9] that, in this formallsm
g* is endowed with a Poisson bracket structure,
characterised by a Poisson skew-symmetric tensor
field J;; = ijxk, known as co-symplectic form.
Therefore, we can write a Lie—Poisson algebra on
the functions defined omg* through the following

evolves at the intersection of-Casimir and E-
Casimir surfacest (1) € S2N E.

Dissipation terms can be added to this non-canonical
Hamiltonian system in two different ways: a Rayleigh-
like dissipation and by a process that we cginplec-
tic dissipation

For Rayleigh-like dissipation we mean a trajectory
in which the system evolves to the fixed point O of the

operation: momentum space. Mathematically this can be done by

{f.g)= Jl.jaifa.ig’ (3) adding a linear term to the Hamiltonian equations (1):

for any functionsf, g € C*°(g*). xi={H, xi}+ (DR)!x,., (4)
Casimir functions, or Casimirs, are algebraically

given by the kernel of the bracket (3), i.é, g} = in which DR is a diagonal matrix with negative diag-

0 Vg € C*°(g*). Physically they represent the con- onal terms. WherD’; = A4;;j, the system will evolve

stants of motion for the system of Hamiltonidh, under a constant isotropic dissipation, otherwise it will

i.e., f ={f, H} = 0. Furthermore, geometrically they reach the fixed point following an anisotropic evo-

define a foliation of the manifolg*, by the mecha- lution with respect to the principal axis as in the

nism of reduction [10]. The leaves of this foliation, case of Lorenz-63 model [1]. In an infinite dimen-
also called co-adjoint orbits, are symplectic manifolds sional system, the corresponding dissipation term is
on which the motion is constrained. given by the Laplacian operator as in Navier—Stokes
Casimir functions of S(B) are given by functions  equations. Of course, in a Rayleigh-like dissipation,
of the angular momenturZ = x’x;, whose square  quantities as energy and Casimirs are not conserved at
root represents the radius of the sph&feon which all. A Rayleigh-like dissipation on S@) is shown in
the trajectory lies. These co-adjoint orbits form a Fig. 1.
partition of s@3)* = R® into spheres centred at 0 The foliated geometry of the momentum space
and the point O itself. Geometrically speaking, the for SO(3), and in general for each Lie—Poisson sys-
energy function (2) defines an ellipsoid to which tem, permits dissipation processes in which some
the trajectory belongs because of energy conservation.Casimirs can be preserved. This peculiar property of
This consideration implies that the dynamical system the system on groups has considerable applications
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in physics [11]. In geophysical fluid dynamics spe-
cial physical processes, like cyclons merging, require o
a special dissipative mechanism that separates the dif-
ferent time scales of decay of energy and enstro- 3
phy [12]. This is a process in which the energy de-
cays but the enstrophy remains preserved [13]. On the

contrary, a mechanism of energy conservation and en- 2

strophy dissipation is also described elsewhere [14].

In SO3), this mechanism can be achieved by
introducing the following momentum co-symplectic
form

k
J5=Claz, (5)
and the energy co-symplectic form

E k
JE=CloeH, (6)
which are defined by the set of Casimirs of the Poisson
algebra.

Defining the symmetric matrices

Dfj = If A i ™
and
DE =JfA"JE, (8)

where A is a diagonal matrix, it is straightforward to
see that by construction they have, respectively, angu-
lar momentum and energy as null eigenvectors; that is:

9)

We will call operatorsD/; and D> as Z-preserving
and E-preserving, respectively. It is then possible to
define a commutative, but not Lie, algebra for each of
these operators with the following brackets:

(f.8)z=Dfd'fo'g and (f,g)g =D fo'g.
(10)
For f, g € so(3)*, a similar algebraic structure was in-
troduced by Morrison in [15].
In the same way, Rayleigh-like dissipation is de-
fined, in an algebraic form, by a similar bracket:

(f.g)r =Df0' fog, (11)

where, clearly, the dissipation operator does not de-
pend on momentum-space co-ordinates. Introducing
the function:

D%a f(z)=0 and DEdl f(H)=0.

H=H+2Z, (12)

15 /

5 25 25 3‘0 55 4lo 4‘5 50
Fig. 2. Energy-preserving symplectic dissipation. Top: trajectories
in the phase space, the gain (dash), or loss (solid) momentum mech-
anisms. Both trajectories belong to the inertia ellipsoid. Bottom:
evolution for Casimirs; note the constant energy (thick solid line)
and the expansion (dash) or contraction (solid) of the sphere associ-

ated with the momentum.

sum of Casimirs, that can be considered as a kind of
free-energy of the system, we obtain two dissipative

systems preserving Casimirs because of their algebraic
structures:

%= {H, x;} +(1‘~1,xi)z,

T =DZ3 HyJ
Whichimplies{Z,H Dijo"Hd H, (13)
and
Xi={ﬁ,xi}+(ﬁ,xi)E,
hich impli H=0 14
which implies Z:Dga’ZE)/Z. (14)

Actually, from (13) and (14), the choice df leads
to a gain or loss of energy/momentum that is geo-
metrically an expansion or contraction of the associ-
ated ellipsoid/sphere surface, constrained to intersect
the invariant manifold. Therefore, by symplectic dissi-
pation here we mean a mechanism for whilca mo-
tion evolves to a fixed point belonging to a Casimir
surface Symplectic dissipative systems are shown in
Figs. 2 and 3. The dissipative term of systems (13)
and (14) drives the trajectory constrained to belong to
the Casimir invariant manifold; therefore many dissi-
pative behaviours can be obtained by writing a more
general system:

ii={H x}+(®,x)p2 (15)



I 1 L I L L
20 25 30 35 40 45 50

Fig. 3. Momentum-preserving symplectic dissipation. Top trajecto-
ries in the phase space. The gain (dash), or loss (solid) energy mec

Bottom: evolution for Casimirs; note the constant momentum (thick
solid line) and the expansion (dash) or contraction (solid) of inertia
ellipsoid associated to the energy.

in which @ gets the role of a general ‘dissipative
potential’ on the chosen Casimir surfaEeor S2.

3. Symplectic dissipation in 2D fluid dynamics

It is interesting to note that the different kinds of
dissipation discussed in the last section for finite-
dimensional Lie algebras can be used in the infinite-
dimensional framework of fluid dynamics. We briefly
show this for the barotropic equation [16] in 2D fluids.

For a stream-function (61, 62) on a torusT?, the
dynamics is described by the Hamiltonian

1
H(w) = 5 / Y db1dbr
T2

and the equation of motion for the vorticity = Ay
is given by

(16)

3zw={H7w}=3(W10))a (17)

where d(f, g) represents the 2D-Jacobian operator
between two functions. The non-canonical Poisson
bracket for this system is given by:

{f. g} =/a)8<ﬁ, 5_g> d61d6,. (18)

Sw dw
T2

h_H(a)) = H(w) + C(w).
anisms. In this case the trajectories belong to the momentum-sphere.

/fa(g,h)dﬁd@z =
T2
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Casimir invariants are given by energy (17) and
arbitrary functions of vorticity of the following kind:

C(w):/f(w)d@ldéz, (29)
T2

like total circulation( f (w) = w), and enstrophyf (w)
= w?) [17]; moreover, the well known 2D fluid
dynamics co-symplectic operator is the Jacobian

Jo=—a( -2} —a
o= ("sw)_ R

and the free energy of the system is the functional

(20)

(21)

As far as the dissipation terms are concerned, be-
cause of the self-adjointness of the Laplace opera-
tor [18] and the fact thab = Ay, the following sym-
metric bracket structure for Rayleigh-like dissipation
can be introduced:

é )
<fvg)R=0lR/—fA2—gd91d92
Sw  Sw

TZ
1) 1)
—ag / A A 4o dss, (22)
Sw dw
TZ

where ap is the Rayleigh dissipation coefficient.
Therefore, the termH, w)g can be added to (18)
giving rise to the classical Navier—Stokes equations:

ow={H,w}+ar(H,w)g =0, w) + agAw, (23)

and the well-known energy and enstrophy evolution
laws

{H:—aRC, (24)

C = —O[RP,

whereP = [;,(Vw)?doy db; is the palinstrophy [19].
In the symplectic dissipation case, besides (20), we
introduce another co-symplectic form,

LAY

Making use of the identity for the Jacobian operator

Ty =—0 (25)

—/ga(f, h)d61d6,, (26)
T2
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it is straightforward to proof the symmetry of the 4. TheLorenz-84 model

brackets
Sf 5g In 1984, E. Lorenz [20] wrote the following system
(f,8)o= / 0| 0wd| —, @), 0)do1d0> of differential equations
dw dw
r? )'clz—x%—xg—axl—i—otFl,
=_a, / ) (ﬁ w)a <5_g’ w) d61d6; (27) X2 =—Bx1x3+ x1x2 — x2 + Fo, (33)
A Sw Sw X3 = Bx1x2 + x1x3 — X3,
which can be regarded as a highly truncated model
and LY .
of the large scale atmospheric circulation (see also
5f g Ref. [21]). For certain values of parameters, Egs. (33)
= = — 01d0O . . ’
f. 8y / 80)8(0@3( w’ 1//>’ 1//) d61d62 show a chaotic behaviour.
r? This model, known in literature as Lorenz-84, was
_ sf g defined by its author as theimplest possible general
T / a(a_’ w)a<5_’ 1#) d61d6, circulation model Although not studied as the more
(28) famous Lorenz-63, it has received a recent attention

as far as the problem of evaluating the predictability
of atmospheric flows is concerned [22,23]. In his
original paper [20], Lorenz stated that Eqgs. (33) were

which, similarly to (7) and (8), are built by the self-
adjoint operators

Doy = JuttoJo = 3(0d(-, 0), ) ?heriv;d in an k;'zlddhop rgal;mer, eve? ilf the asts_ume?
B B at they can be derived by a spectral truncation o
and Dy = JyayJy =3 (ayd (. ¥), ), (29) some fundamental fluid dynamics equation; to the

wherea,, anday, are the symplectic dissipation coef- authors knowledge, it has always been considered in
ficients (in this paper we consider only the dissipative the literature as a conceptual model.

case). In Lorenz-84, the variable; represents the strength
Finally, like the finite-dimensional case (13) and of a large scale westerly zonal flow, while the others
(14), it is possible to write a set of equations: are the strengths of a chain of superposed waves
- - (eddies) [24]. Forcing termB; (zonal forcing) andrs

do={H, o} +(H, w)w (eddies forcing) are due to North—South temperature
=0y, w) _|_3(%3(1/,,w),w) (30) gradient and a longitudinally dependent ocean-land
temperature contrast, respectively; no Coriolis term is

and added into the equations. A Rayleigh-like dissipation
o = {ﬁ w} —I—(ﬁ, w)w in the Iir)ear terms_, of (33) reprgsents the t_ermal and
mechanical damping. The nonlinear coupling terms,

=0(¥, w) + 9(ay 0w, V), V), (31) containingB, represent translation of the waves by the

zonal current. To our aim, it is important to know that
the remaining quadratic terms of (33) represent the
transfer of energy from the zonal flow to the waves (the
{ = (H, H>a) = —au(H, H)y, eddies transport heat polewards and thereby reduce the
= (C,
(

which preserve energy and enstrophy, respectively,
while dissipating or gaining the other Casimirs:

H), =0, North—South temperature anomaly). In what follows,

~ we will show that this energy transfer mechanism

(32) between eddies and zonal flow can be explained by
simplectic dissipation.

We point out that this bracket formalism repre- In a toric geometr)Tz [0, 2] x [0, ], a stream
sents a comprehensive mathematical scheme includ-function
ing those illustrated in previous works [11-15], such .
that the dissipation process may act on the symplectic ¥ (¢1. 62) = I"(v/2x1c0802 + x25inf2 cOSA1
leaves of the chosen Casimir function. + x3Sinf; sinez) (34)
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can be introduced, withy; functions of time and a
parameterl”. The termy,, = x1 cosf» describes the
basic zonal current, whil¢, = y» — v, describes the
eddies; furthermore, a function

F (01, 02) = F1c0s92 + F»>c0os01 Sindo (35)

can be written in order to represent the forcing terms
described above.

In terms of x;, the mean energy (16) and the
enstrophy (Eq. (19), wherg(w) = w?) are:

%2, 2 2
E = 4 (le +X2 +X3)s

Z=F2(x:12+x§~|—x§), (36)
with zonal and eddies energies

2.2 2,2, .2
E, = Ixy _ Mg txy) (37)

2 ‘T 4
For our aims, the modified barotropic equation

dw={H o} +ar(H o)g +ap(H 0)o + F (38)

with H as in (16) and® = AF will be studied in the
spectral space. Choosing the coeffici = 4

32
and g = 4*§F, Eq. (38) gives rise to the following

dynamical system:

X1 = —xlxg — xlxg —apx1+ F1,
X2 =—px1x3+ Xfxz — 2ugx2+ F2,

X3 = fBx1x2+ x:fxg — 20gx3,

(39)

which is identical to the Lorenz-84 system, except for
the non-linear zonal-eddies cubic interaction, different
by a factorx1. Computing the divergence of (39), itis
easily verified that it can be written in terms of zonal
and eddies energy terms:

0'x; = 4(E, — E,) — 5ag. (40)

V. Pelino, A. Pasini / Physics Letters A 291 (2001) 389—-396

In the case(a, < 0,ap = 0, F = 0), Eqg. (38) has
an enstrophy-preserving solution and the system (41)
gives rise to a ‘blocked’ flow where all the zonal
energy is transformed into eddy energy. In the case
(ar #0, F= 0) there are no Casimirs conserved and
both energy and enstrophy are dissipated. More gen-
eral behaviour of (41) will be studied in a forthcoming
paper; however, it is clear that the symplectic dissipa-
tion term in (38) corresponds physically to a nonlinear
transfer between zonal and eddies energy added to the
Hamiltonian term{ H, w}.

In order to get the Lorenz-84 system, we write
the same equation (38) with a modified enstrophy
preserving dissipative potential

K (w) = —% / dw db1d0Os, (42)
T2

where¢ = v/x1. EQ. (38) reads as

dho={H, o} +ar(H 0)g +au(K,0),+F. (43)

In this way, we have physically modified the interac-
tion term between zonal and eddy flows. In the spectral
space, Eq. (43) corresponds to the system:

X1= —x% — x% —apx1+ F1,

X2 = —Bx1x3+ x1x2 — 20Rx2 + F2,
X3 = Bx1x2 + x1x3 — 200R X3,

(44)

which, in its quadratic terms, is equivalent to the
Lorenz-84 model. In a certain range of forcing and
dissipation parameters, chaos is found (Fig. 4). It is
important to note that the potenti&l (w) leads to a
chaotic transfer between zonal and eddies energy in
this model (Fig. 5).

Symplectic dissipation is then recognised to be a
powerful and elegant tool to study physical processes
of energy transfer in fluid dynamics by geometrical
methods.

Thus, when the zonal energy is much stronger than the - £o|lowing the algebraic approach of Section 2, we
eddies perturbation, the phase space volume does Nohgte in conclusion that the Lorenz-84 model and the

contract.

Using the Young's inequality:b < %(saz + b;),
¢ > 0 [25], the system (39) can be qualitatively stud-
ied in the more physically meaningful energy space
(Ez, Eo):

. F2
E,=-2E.(4E.+ar — %)+ 7

) . P2 (41)
E,=4E.(E. —ar+ 1)+ 2%

equivalent system (44) can be written as the(30
dynamical system

fc,-={ﬁ,x,~}—I—(ﬁ,xi)R-l-(<1>,xz'>z+fi, (45)

where the Hamiltonian is that of the classical rigid
body (2) added to the S®) Casimir;T = diag(1, 8+
1,8+ 1) and ® = ofx;, wherew = (—1,0,0) is a
linear Z-preserving dissipative potential. Moreover,
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Fig. 4. Strange attractor for the system (48)= 4, ap = 0.25,
F= 5, Fr = 1).

35 T T T

25 .

N

Eddies Energy
Z; -

Zonal Energy

Fig. 5. Scatter plot: zonal vs. eddies energy for the modified
barotropic equation (43).

defining A = —diag(e, 1, 1) for Lorenz-84 andA =
—diag(ag, 2ag, 2ag) for (44), the components of the
Rayleigh-dissipation matrix are

R N
Yo (Tij +8ij)
It is interesting to note that the reason for the
chaotic behaviour of both Lorenz-84 and (44) is soon
recognised in the symplectic dissipative term. As a

matter of fact, without this quadratic term, they reduce
to a canonical Kolmogorov system [1].

(46)
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5. Conclusions

Lie group methods for hydrodynamics-type dynam-
ical systems are extremely useful in order to under-
stand the complexity of fluid motions. In finite-mode
approximation, conservative dynamics is described in
terms of Lie—Poisson equations for a non-canonical
Hamiltonian system and a number of invariants are
found. As far as dissipation processes are concerned,
the geometric structure of momentum space and its
foliated geometry permits to define different kinds of
dissipation. The first, related to the classical Rayleigh
dissipation, does not conserve any Casimir function;
the others, on the contrary, give rise to dissipative mo-
tions constrained to lay on an invariant manifold. The
physics hidden in this geometrical scheme reveals dif-
ferent kinds of interaction laws between energy and
other Casimirs leading to new evolution schemes for
these quantities.

Applying these general laws to $8), the most
simple object in the scale of group complexity, we ob-
tain the somewhat intriguing result that the Lorenz-
84 model is described by a combination of differ-
ent Rayleigh and symplectic dissipative mechanisms.
Here we recognise a chaotic transfer between zonal
and eddies flows.

Finally, the bracket formalism here introduced is
very general and can be applied in other fluid systems
as well as in higher and most physically interesting
models.
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